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This paper deals with experimental investigation and numerical simulation of the viscoelastic and viscoplastic responses
of semi-crystalline polymers at temperatures far below the melting point. The experimental study concentrates on the
mechanical behavior of high-density polyethylene (HDPE) in (i) tensile tests with various strain rates and (ii) relaxation tests.
In the past decade, the time- and rate-dependent responses of polyethylenes at ambient conditions, as well as at elevated
temperatures have been studied in a number of publications, see Zhang and Moore (1997), Nitta and Suzuki (1999), Beijer
and Spoormaker (2000), Djokovic et al. (2000), Pegoretti et al. (2000), Mano et al. (2001), van Dommelen et al. (2003), Dasari
and Misra (2003), Bergstrom et al. (2004), Hong et al. (2004), Remond (2005), Mrabet et al. (2005), Nikolov et al. (2006), Co-
lak and Dusunceli (2006), Elleuch and Taktak (2006), Drozdov and Christiansen (2007a,b), and Ben Hadj Hamouda et al.
(2007), to mention a few. Although several variants of constitutive equations have been proposed for the viscoelastic and
viscoplastic behavior of semi-crystalline polymers that reveal an acceptable agreement with observations, these models
share common shortcomings: (i) they disregard thermally-induced evolution of microstructure of HDPE in the vicinity of
a-relaxation point (in the interval of temperatures between 60 and 80 C), and (ii) their application to ﬁtting observations
results in rather high values of the apparent activation energy of solid polyethylene (in the interval between 100 and
200 kJ/mol) which substantially exceed those for polyethylene melts [20–30 kJ/mol (Bin Wadud and Baird, 2000)] and are
close to the activation energies for thermal degradation of high-density polyethylene [ranging between 200 and 300 kJ/
mol (Sinfronio et al., 2005; Marazzato et al., 2007)].
The objective of this study is twofold:
1. To report experimental data on high-density polyethylene in (i) tensile tests with various strain rates and (ii) relaxation
tests at various temperatures.. All rights reserved.
x: +45 72 20 31 12.
(A.D. Drozdov).
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tions with small strains and to ﬁnd adjustable parameters in the stress–strain relations by ﬁtting the observations.
The aim of modeling is to develop constitutive equations that (i) ensure good agreement with experimental data, (ii) are
grounded on conventional physical concepts for deformation of semi-crystalline polymers at the micro-level, and (iii) whose
parameters change consistently with temperature and are independent of strain rate. Although several models have recently
been suggested that account for the effect of strain rate on such material parameters as Young’s modulus, yield stress, etc.
(Dasari and Misra, 2003; Jacob et al., 2004), we avoid this approach as interpretation of these dependencies at the molecular
level is rather difﬁcult.
To reduce the number of parameters in the constitutive equations, we apply a homogenization concept and treat a semi-
crystalline polymer as an equivalent polymer network that demonstrates the viscoelastic and viscoplastic behavior. The vis-
coelastic response of the equivalent network is associated with rearrangement of strands: separation of active strands from
their junctions and merging of dangling strands with the network (Green and Tobolsky, 1946; Tanaka and Edwards, 1992).
The viscoplastic behavior reﬂects sliding (plastic ﬂow) of junctions in a non-afﬁne polymer network with respect to their
reference positions (Drozdov and Gupta, 2003).
A semi-crystalline polymer is modeled as an incompressible, heterogeneous, non-afﬁne, transient network of chains
bridged by junctions. Inhomogeneity of the network is induced by heterogeneity in the distribution of crystallites and
local density ﬂuctuations in the amorphous phase. To account for this inhomogeneity, the equivalent network is
thought of as an ensemble of meso-regions with various energies of inter-chain interaction. The rate of rearrange-
ment of strands in a meso-region is expressed by means of an appropriate energy of inter-chain interactions with
the help of the Eyring equation. At temperatures far below the melting point of a semi-crystalline polymer, the dis-
tribution of meso-regions is independent of temperature and mechanical factors (stresses and strains). The novelty of
the present approach is that the activation energy in the Eyring equation for an appropriate meso-region is treated
as a function of temperature.
The exposition is organized as follows. Observations in uniaxial tensile tests at various temperatures are reported in Sec-
tion 2. Constitutive equations for the viscoelastic and viscoplastic responses of a semi-crystalline polymer are derived in Sec-
tion 3. Adjustable parameters in the stress–strain relations are found in Section 4 by ﬁtting the experimental data.
Concluding remarks are formulated in Section 5.
2. Experimental procedure
High-density polyethylene Eraclene MM 95 (density 0:953 g=cm3, melting temperature 134 C, melt ﬂow index 4 g/
10 min) was purchased from Polimeri Europa (Italy). Its mass-average molecular weight is estimated as 100 kg/mol (Drozdov
and Christiansen, 2007b). Dumbbell specimens (ASTM standard D638) with the cross-sectional area 9:8 mm 3:8 mm were
molded by using an injection-molding machine Ferromatic K110/S60–2K. Differential scanning calorimetry measurements
(STA 499/Netzsch apparatus, scanning rate 5 K/min) provide the speciﬁc enthalpy of melting of about 170 J/g, which corre-
sponds to the degree of crystallinity of 59% [adopting the value 289 J/g for the speciﬁc heat of fusion of perfectly crystalline
polyethylene (Wunderlich, 1980)].
Mechanical tests were performed with the help of a universal testing machine Instron-5568 equipped with a thermal
chamber and electro-mechanical sensors for the control of longitudinal strains in the active zone of samples. The tensile
force was measured by a standard load cell. The engineering stress r was determined as the ratio of the axial force to the
cross-sectional area of specimens in the stress-free state.
Two series of tests were conducted at room temperature. The ﬁrst involved seven tensile tests with the strain rates
_ ¼ 2 104, 1 103, 2 103, 4 103, 1 102, 2 102, and 4 102 s1 and the maximum tensile strain max ¼ 0:4
(at the highest strain rates _ ¼ 2 102 and 4 102 s1, tests were stopped at max ¼ 0:2 where necking of samples became
visible). The stress–strain diagrams (the engineering stress r versus engineering strain ) are depicted in Fig. 1. This ﬁgure
demonstrates that the stress r strongly increases in the interval ½0; y, reaches its maximum ry at y  0:12, and weakly de-
creases with  afterwards. The apparent yield stress ry monotonically grows with strain rate _ (from 14.8 MPa at
_ ¼ 2 104 s1 to 22.6 MPa at _ ¼ 4 102 s1), whereas the apparent yield strain y is practically independent of strain
rate. These results are in agreement with ﬁndings reported by other authors (Beijer and Spoormaker, 2000; Dasari and Misra,
2003; Elleuch and Taktak, 2006).
The second series involved three relaxation tests at the strains 0 ¼ 0:07, 0.10 and 0.20. In each relaxation test, a sample
was deformed with the maximum strain rate _ ¼ 4 102 s1 up to the strain 0. Afterwards, the strain 0 was preserved, and
the stress r was measured as a function of time t during trel  30 min. This duration corresponded to the ASME protocol
(ASTM STP 676) for short-term relaxation tests. The engineering stress r is plotted versus relaxation time t0 ¼ t  t0 (t0 is
the instant when relaxation starts) in Fig. 2. The experimental data are presented in the semi-logarithmic coordinates with
log ¼ log10. Fig. 2 shows that the relaxation curves measured at various strains 0 are similar to each other.
Other tests were conducted at elevated temperatures T by using a thermal chamber equipped with a thermocouple (with
the accuracy of measurements 1 C). In each test, a sample was equilibrated at a given temperature T for 30 min before
measurements started.
Fig. 1. Engineering stress r versus strain . Symbols: experimental data in tensile tests at room temperature with various strain rates _ s1. Solid lines:
results of numerical simulation.
Fig. 2. Engineering stress r versus relaxation time t0 . Symbols: experimental data in tensile relaxation tests at room temperature with various strains 0.
Solid lines: results of numerical simulation.
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at the temperatures T ¼ 25, 45, 60, 75, and 90 C. The experimental stress–strain diagrams are presented in Fig. 3. This ﬁgure
shows that at room temperature, the engineering stress reaches its maximum within the interval of strains under consider-
ation, whereas the function rðÞ monotonically increases at elevated temperatures. Given a strain , the engineering stress r
decreases with temperature T (at the strain  ¼ 0:2, from 18.7 MPa at T ¼ 25 to 5.5 MPa at T ¼ 90 C).
The last series included seven relaxation tests at the temperatures T ¼ 25, 45, 50, 60, 75, 80, and 90 C. In each test, a spec-
imen was stretched with the strain rate _ ¼ 4 102 s1 up to the strain 0 ¼ 0:07. Then, the strain was ﬁxed, and the tensile
stress was measured as a function of time t. Observations in the relaxation tests are depicted in Fig. 4, where the engineering
stress r is plotted versus relaxation time t0. Fig. 4 demonstrates a strong effect of temperature on the relaxation curves,
whose slopes substantially decrease with T.
Each test was carried out on a new sample. Triplicate measurements demonstrate good reproducibility of the experimen-
tal data (the difference between observations on different samples is less than the size of symbols in Figs. 1–4).
3. Constitutive model
Our aim now is to derive stress–strain relations that adequately describe the experimental data depicted in Figs. 1–4. The
constitutive model is developed for arbitrary three-dimensional deformations with small strains (its extension to ﬁnite
deformations is straightforward). To simplify the analysis, we adopt the incompressibility condition, which expresses the
Fig. 3. Engineering stress r versus strain . Symbols: experimental data in tensile tests with the strain rate _ ¼ 4 103 s1 at various temperatures T C.
Solid lines: results of numerical simulation.
Fig. 4. Engineering stress r versus relaxation time t0 . Symbols: experimental data in tensile relaxation tests with the strain  ¼ 0:07 at various temperatures
T C. Solid lines: results of numerical simulation.
A.D. Drozdov, J.deC. Christiansen / International Journal of Solids and Structures 45 (2008) 4274–4288 4277fact that high-density polyethylene is a weakly compressible polymer [its Poisson’s ratio belongs to the interval between
m ¼ 0:40 (Nitta and Suzuki, 1999) and m ¼ 0:42 (Fellahi et al., 1995)].
A semi-crystalline polymer is a three-phase continuum composed of (i) an amorphous phase, (ii) a crystalline phase, and
(iii) an inter-phase (Hong et al., 2004; Lin and Argon, 1994; Seguela, 2005). The crystalline skeleton is formed by mutually
connected spherulites, each of them consists of a number of crystalline lamellae. The amorphous phase is located between
crystallites and between lamellae in spherulites. The inter-phase is located at the borders between amorphous and crystal-
line domains. It consists of polymer chains whose motion is severely restricted by surrounding crystallites.
Treatment of a semi-crystalline polymer as a three-phase composite requires a number of adjustable parameters to be
introduced. To avoid this complication, a homogenization concept is adopted. According to this approach, a semi-crystalline
polymer is modeled as an inhomogeneous non-afﬁne transient network of strands bridged by junctions (entanglements be-
tween chains in the rubbery phase and physical cross-links at the surfaces of crystallites). Heterogeneity of the equivalent
network is induced by inhomogeneous distribution of crystallites and local density ﬂuctuations in the amorphous phase.
Non-afﬁnity means that junctions slide with respect to their reference positions under deformation. Sliding (plastic ﬂow)
of junctions reﬂects (i) sliding of chains along crystallites, (ii) inter-lamellar separation and shear, and (iii) rotation of lamel-
lar stacks. To describe the time-dependent response of a semi-crystalline polymer, we treat it as a temporary network, where
active strands separate from their junctions and dangling strands merge with the network at random instants.
The strain tensor for macro-deformation at an arbitrary time t P 0 is denoted by ^ðtÞ, and the strain tensor for sliding of
junctions reads ^sðtÞ. At small strains, the strain tensor for elastic deformation ^eðtÞ is given by
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where ^, ^e, and ^s are traceless tensors. The assumption that the ﬁrst invariant of the tensor ^ vanishes means that weak com-
pressibility of HDPE is disregarded. The hypothesis that the ﬁrst invariant of ^s equals zero is in accord with conventional
models in elastoplasticity that presume plastic ﬂow to be volume-preserving.
Plastic ﬂow in the equivalent network is described by the assumption that the rate-of-strain tensor for sliding of junctions
is connected with the rate-of-strain tensor for macro-deformation by the linear relationd^s
dt
¼ /d^
dt
; ð2Þwhere the coefﬁcient / is an arbitrary non-negative function. The initial condition for Eq. (2) reads^sð0Þ ¼ 0^;
where 0^ stands for the zero tensor. It means that plastic strains vanish in the reference conﬁguration.
To approximate the experimental data, we accept the phenomenological relation/ ¼ 1 expðaebeÞ; ð3Þ
where a and b are positive constants,ee ¼ 23 ^e : ^e
 1
2
ð4Þstands for the equivalent elastic strain, and colon denotes convolution of tensors. Eqs. (2) and (3) imply that the rate of plas-
tic strain equals zero when ee ¼ 0, it monotonically increases with equivalent elastic strain, and reaches the rate of macro-
deformation at large elastic strains (when ee  1). The dimensionless parameters a and b are assumed to be independent of
mechanical factors (strains and strain rates). To describe the effect of temperature T on these quantities, we suppose that a is
independent of T, while b linearly grows with T,a ¼ a0; b ¼ b0 þ b1T; ð5Þ
where a0, b0 and b1 are constants.
The inhomogeneous equivalent network is treated as an ensemble of meso-regions, where rearrangement of strands oc-
curs with various rates. In the stress-free state at some reference temperature T0, each meso-region is characterized by
dimensionless energy of inter-chain interactionv ¼ u
kBT0
; ð6Þwhere u stands for energy of inter-chain interaction, and kB denotes the Boltzmann constant. The ensemble of
meso-regions is determined by the number (per unit volume) n1ðvÞ of active strands (whose ends are connected
to junctions of the network) belonging to meso-regions with energy v and the entire number (per unit volume)
of active strandsN1 ¼
Z 1
0
n1ðvÞdv:Distribution of meso-regions in the reference state is described by the probability densityf ðvÞ ¼ n1ðvÞ
N1
ð7Þthat obeys the normalization conditionZ 1
0
f ðvÞdv ¼ 1: ð8ÞTo ﬁt the observations, we adopt the random energy model (Derrida, 1980) withf ðvÞ ¼ f0 exp  v
2
2R2
 
ðvP 0Þ; f ðvÞ ¼ 0 ðv < 0Þ; ð9Þwhere f0 is found from Eq. (8). An advantage of Eq. (9) is that it is determined by the only adjustable parameter R > 0 (an
apparent standard deviation of energies of inter-chain interaction that is assumed to be independent of temperature).
Rearrangement of a transient network is thought of as separation of active strands (whose ends are connected to contig-
uous nodes) from their junctions and merging of dangling strands (that have a free end) with the network. Separation of
active strands from the network and attachment of dangling strands occur at random times when appropriate strands are
excited by thermal ﬂuctuations.
The rearrangement process is described by the function nðt; s; vÞ that equals the number of active strands (per unit vol-
ume) at time t P 0 belonging to meso-regions with dimensionless energy vwhich have last merged with the network before
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ber of active strands is assumed to be independent of deformation,nðt; t; vÞ ¼ n1ðvÞ: ð10Þ
The quantityuðs; vÞ ¼ on
os
ðt; s; vÞjt¼s ð11Þcharacterizes the rate of attachment of dangling strands to the equivalent network. The amount uðs; vÞds equals the number
of dangling strands (per unit volume) that merge with temporary junctions in meso-regions with energy v within the inter-
val ½s; sþ ds. The quantity on=osðt; s; vÞds is the number of these strands that have not separated from their junctions during
the interval ½s; t. The number of active strands (per unit volume) that detach (for the ﬁrst time) from the network within the
interval ½t; t þ dt equals on=otðt;0; vÞdt, and the number of strands that have last merged with the network within the
interval ½s; sþ ds and separate from the network (for the ﬁrst time after merging) during the interval ½t; t þ dt reads
o2n=otosðt; s; vÞdtds.
The rate of rearrangement C is deﬁned as the ratio of the number of active strands that separate from temporary junctions
per unit time to the total number of active strands. Applying this deﬁnition to active strands that were connected with the
network at the initial instant t ¼ 0, and to those that merged with the network within the interval ½s; sþ ds, we arrive at the
differential equationson
ot
ðt;0; vÞ ¼ Cðt; vÞnðt;0; vÞ; o
2n
otos
ðt; s; vÞ ¼ Cðt; vÞ on
os
ðt; s; vÞ: ð12ÞDenote by VðT; vÞ the energy of inter-chain interaction at temperature T in a meso-region that is characterized by energy v at
the reference temperature T0. The dimensionless energy of inter-chain interaction V is given byV ¼ av; ð13Þ
where the coefﬁcient aðTÞ describes the effect of temperature. In the ﬁtting procedure, the following relation is adopted for
this function:a ¼ 1; T < T;
a0 þ a1T; T > T;

ð14Þwhere a0 and a1 are positive coefﬁcients, and T is determined from the continuity condition a0 þ a1T ¼ 1. Eq. (14) implies
that evolution of energies of inter-chain interaction begins when temperature T reaches its critical value T (that exceeds the
reference temperature T0). Heating of a semi-crystalline polymer above T causes an increase in the energy of inter-chain
interaction. This growth is driven by transformation of crystalline lamellae, which, in turn, leads to partial release of con-
straints imposed on polymer chains located at the boundaries between crystalline and amorphous domains. As a result,
some chains belonging to the inter-phase (which do not participate in the rearrangement process at temperatures T < T)
take part in this process when temperature exceeds T. As activation energies of these chains are relatively high (these ener-
gies equal inﬁnity at T < T), inclusion of these chains into the rearrangement process implies an increase in an ‘‘average”
(over all meso-regions with energy v) energy of inter-chain interaction V.
The rate C is connected with the energy of inter-chain interaction V by means of the Eyring equation (Krausz and Eyring,
1975)C ¼ c expðVÞ: ð15Þ
The attempt rate c in Eq. (15) is independent of deformation. The effect of temperature on this quantity is described by the
Arrhenius equationc ¼ c exp  Ea
RT
 
; ð16Þwhere c stands for a constant pre-factor, Ea is an apparent activation energy, and R denotes the universal gas constant.
Eqs. (13)–(16) imply that for a non-isothermal deformation, C is a function of time t and dimensionless energy v. Integra-
tion of Eqs. (12) with initial conditions (10) (where t ¼ 0) and (11) yieldsnðt;0; vÞ ¼ n1ðvÞ exp 
Z t
0
Cðs; vÞds
 
;
on
os
ðt; s; vÞ ¼ uðs; vÞ exp 
Z t
s
Cðs; vÞds
 
: ð17ÞInsertion of Eqs. (10) and (17) into the equalitynðt; t; vÞ ¼ nðt;0; vÞ þ
Z t
0
on
os
ðt; s; vÞdsresults in a linear integral equation for the function uðt; vÞ. The solution of this equation reads
uðt; vÞ ¼ Cðt; vÞn1ðvÞ: ð18Þ
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do not participate in the rearrangement process because the energy of thermal excitations remains insufﬁcient for their
detachment from junctions. These permanent strands model polymer chains belonging to the crystalline phase and (par-
tially) inter-phase. Concentration of permanent strands (per unit volume) belonging to meso-regions with energy v is de-
noted by n2ðvÞ, and their total amount (per unit volume) byN2 ¼
Z 1
0
n2ðvÞdv:In the interval of temperatures under consideration, the function n2(v) is independent of T. This assertion is explained
by the fact that thermally-induced changes in morphology of the equivalent network far below the melting point occur
due to release of constraints imposed by crystallites on surrounding chains in the inter-phase, whereas the amount of
chains belonging to the inter-phase is small compared with the numbers of chains in the crystalline and amorphous
phases.
At small strains, the strain energy of a strand readsw ¼ 1
2
le^e : e^e; ð19Þwhere l stands for rigidity per strand, and e^e is the strain tensor for transition from the stress-free state into the actual state.
For deﬁniteness, l is presumed to decrease linearly with temperature,l ¼ l0  l1T; ð20Þ
where lm ðm ¼ 0;1Þ are constants. We do not dwell on discussion of physical grounds for Eq. (20) referring to Drozdov et al.
(2005, in press), where two models are proposed for a decay in elastic moduli with temperature.
For a strand that has last merged with the network within the interval ½s; sþ ds, the tensor e^e is given by
e^e ¼ ^eðtÞ  ^eðsÞ: ð21ÞEq. (21) expresses the fact that stresses totally relax in a dangling strand before it merges with the network. Summation of
strain energies of these strands (over all instants s 2 ½0; t and meso-regions with energies v) results in the strain energy den-
sity (per unit volume) of temporary strandsW1ðtÞ ¼ 12 l
Z 1
0
nðt;0; vÞ^eðtÞ : ^eðtÞ þ
Z t
0
on
os
ðt; s; vÞ ^eðtÞ  ^eðsÞð Þ : ^eðtÞ  ^eðsÞð Þds
 
dv:Insertion of Eqs. (7), (17) and (18) into this equality yieldsW1ðtÞ¼ 12~l1
Z 1
0
f ðvÞ exp 
Z t
0
Cðs;vÞds
 ^
eðtÞ : ^eðtÞ

þ
Z t
0
Cðs;vÞexp 
Z t
s
Cðs;vÞds
 
ð^eðtÞ ^eðsÞÞ : ð^eðtÞ ^eðsÞÞds

dv;
ð22Þ
where~l1 ¼ lN1: ð23Þ
For a permanent strand, the tensor e^e coincides with the strain tensor for elastic deformation,e^e ¼ ^eðtÞ: ð24Þ
Summing strain energies of these strands belonging to meso-regions with various energies v, we calculate the strain energy
density (per unit volume) of permanent strandsW2ðtÞ ¼ 12 ~l2 ^eðtÞ : ^eðtÞ; ð25Þwhere~l2 ¼ lN2: ð26Þ
The strain energy density of the equivalent network equals the sum of strain energies of permanent and temporary
strands,WðtÞ ¼W1ðtÞ þW2ðtÞ: ð27Þ
Differentiating Eq. (27) with respect to time and using Eqs. (25) and (22), we obtaindW
dt
ðtÞ ¼ ~l2^eðtÞ þ ~l1
Z 1
0
exp 
Z t
0
Cðs; vÞds
 
^eðtÞ

þ
Z t
0
Cðs; vÞ exp 
Z t
s
Cðs; vÞds
 
ð^eðtÞ  ^eðsÞÞds

f ðvÞdv

:
d^e
dt
ðtÞ  JðtÞ; ð28Þ
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JðtÞ ¼ 1
2
~l1
1
0
Cðt; vÞf ðvÞ exp 
t
0
Cðs; vÞds ^eðtÞ : ^eðtÞ
þ
Z t
0
Cðs; vÞ exp 
Z t
s
Cðs; vÞds
 
^eðtÞ  ^eðsÞð Þ : ^eðtÞ  ^eðsÞð Þds

dv: ð29ÞKeeping in mind thatexp 
Z t
0
Cðs; vÞds
 
þ
Z t
0
Cðs; vÞ exp 
Z t
s
Cðs; vÞds
 
ds ¼ 1;utilizing Eq. (8), and applying Eqs. (1) and (2), we present Eq. (28) in the formdW
dt
ðtÞ ¼ lð1 /ðtÞÞ ð1þ jÞ^eðtÞ  j
Z 1
0
f ðvÞdv
 Z t
0
Cðs; vÞ exp 
Z t
s
Cðs; vÞds
 
^eðsÞds

:
d^
dt
ðtÞ  JðtÞ; ð30Þwherel ¼ ~l2; j ¼ ~l1
~l2
: ð31ÞKeeping in mind Eqs. (23) and (26), we present the latter equality in the formj ¼ N1
N2
;which means that j equals the ratio of the amount of active transient strands to that of permanent strands.
At isothermal deformation of an incompressible medium with small strains, the Clausius–Duhem inequality readsQ ¼ dW
dt
þ r^0 : d^
dt
P 0; ð32Þwhere Q stands for the rate of energy dissipation (per unit volume), r^ is the stress tensor, and prime denotes the deviator of a
tensor. Combining Eqs. (30) and (32) and taking into account that JðtÞP 0, see Eq. (29), we infer that the dissipation inequal-
ity is satisﬁed for an arbitrary deformation process provided that the stress tensor is determined byr^ðtÞ ¼ pðtÞ^I þ l 1 /ðtÞð Þ ð1þ jÞ^eðtÞ  j
Z 1
0
f ðvÞdv
Z t
0
Cðs; vÞ exp 
Z t
s
Cðs; vÞds
 
^eðsÞds
 
; ð33Þwhere pðtÞ stands for an unknown pressure, and bI is the unit tensor. Constitutive Eq. (33) together with the differential equa-
tion for the strain tensor for elastic deformation [this equation follows from Eqs. (1) and (2)]d^e
dt
ðtÞ ¼ ð1 /ðtÞÞd^
dt
ðtÞ ð34Þand phenomenological Eqs. (3), (9), (13) and (15) provide a set of stress–strain relations for a semi-crystalline polymer. For
an isothermal deformation at some temperature T, these equations involve seven adjustable parameters:
1. modulus l describes the linear elastic response,
2. j characterizes concentration of temporary active strands,
3. R in Eq. (9) reﬂects inhomogeneity of the equivalent network,
4. a and b in Eq. (3) are responsible for plastic ﬂow of junctions,
5. c in Eq. (15) is the attempt rate for separation of strands,
6. a in Eq. (13) describes thermally-induced changes in the energy of inter-chain interaction.
The effect of temperature of these quantities is described as follows:
1. Eqs. (20), (26), (23) and (31) assume that (i) the elastic modulus l decreases linearly with temperature,lðTÞ ¼ l0  l1T; ð35Þ
where lm ðm ¼ 0;1Þ are constants, and (ii) the dimensionless parameter j is independent of temperature.
2. The apparent standard deviation of energies of meso-regions R is independent of temperature.
3. The inﬂuence of temperature on a, b, a, and c is determined by Eqs. (5), (14) and (16).4. Approximation of experimental data
To ﬁnd adjustable parameters by ﬁtting the observations, we begin with transformation of the stress–strain relations for
uniaxial tension of a specimen.
4282 A.D. Drozdov, J.deC. Christiansen / International Journal of Solids and Structures 45 (2008) 4274–42884.1. Uniaxial tension
At uniaxial deformation of an incompressible medium, the strain tensor reads^ ¼ ðtÞ e1e1  12 ðe2e2 þ e3e3Þ
 
; ð36Þwhere ðtÞ denotes longitudinal engineering strain, ek ðk ¼ 1;2;3Þ are unit vectors of a Cartesian coordinate frame whose vec-
tor e1 coincides with the direction of stretching, and eiej stands for diad product of the vectors ei and ej. The strain tensor for
elastic deformation ^e is given by^e ¼ eðtÞ e1e1  12 ðe2e2 þ e3e3Þ
 
; ð37Þwhere eðtÞ is a function to be found. Inserting Eqs. (36) and (37) into Eq. (34) and using Eqs. (3) and (4), we arrive at the
differential equationde
dt
¼ expðabeÞ
d
dt
: ð38ÞSubstituting Eqs. (36) and (37) into Eq. (33) and excluding the unknown pressure p from the boundary condition on the lat-
eral surface of the specimen, we ﬁnd the tensile stressrðtÞ ¼ E expðabeðtÞÞ ð1þ jÞeðtÞ  j
Z 1
0
f ðvÞdv
Z t
0
Cðs; vÞ exp 
Z t
s
Cðs; vÞds
 
eðsÞds
 
; ð39ÞwhereE ¼ 3
2
l ð40Þstands for an analog of the Young’s modulus.
Eqs. (38) and (39) together with Eqs. (9), (13) and (15) determine the engineering stress r as a function of time t for an
arbitrary deformation program ðtÞ. For a tensile relaxation test with a strain 0,
ðtÞ ¼ 0 ðt < 0Þ; ðtÞ ¼ 0 ðt > 0ÞEq. (38) implies thateðtÞ ¼ 0 ðt < 0Þ; eðtÞ ¼ e0 ðt > 0Þ;
where e0 is the elastic strain reached along the loading part of the relaxation program. Insertion of this expression into Eq.
(39) results inrðt0Þ ¼ C 1þ j
Z 1
0
f ðvÞ exp 
Z t0
0
Cðs; vÞds
 !
dv
" #
;whereC ¼ E expðabe0Þe0:
Bearing in mind Eqs. (13) and (15), we ﬁnd thatrðt0Þ ¼ C 1þ j
Z 1
0
f ðvÞ exp

 c expðavÞt0Þdv
 
: ð41Þwhere f ðvÞ is given by Eq. (9), and a is determined by Eq. (14). Introducing the notation
C0 ¼ C; C1 ¼ jC; ð42Þwe present Eq. (41) in the formrðt0Þ ¼ C0 þ C1
Z 1
0
f ðvÞ expðc expðavÞt0Þdv: ð43Þ4.2. Relaxation tests at room temperature
Fitting begins with approximation of the relaxation curves measured at room temperature (Fig. 2). Each set of data is
matched separately with a ¼ 1 (which means that room temperature is treated as the reference temperature T0). We start
with experimental data in the relaxation test with 0 ¼ 0:07. The following algorithm is applied to ﬁnd the adjustable param-
eters R and c. We ﬁx some intervals ½0;Rmax and ½0; cmax, where the best-ﬁt values of R and c are assumed to be located, and
divide these intervals into J ¼ 10 subintervals by the points RðiÞ ¼ iDR and cðjÞ ¼ jDc with DR ¼ Rmax=J, Dc ¼ cmax=J
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v ¼ nDvwith Dv ¼ 0:1 n ¼ 0;1; . . . ;200. The pre-factor f0 in Eq. (9) is determined from normalization condition (8). The coef-
ﬁcients C0 and C1 in Eq. (43) are calculated by the least-squares technique from the condition of minimum of the functionH ¼
X
m
½rexpðt0mÞ  rnumðt0mÞ2; ð44Þwhere the sum is calculated over all instants t0m at which the observations are reported, rexp is the stress measured in the test,
and rnum is given by Eq. (43). The quantities R and c are chosen from the condition of minimum of Eq. (44) on the set
fRðiÞ; cðjÞg. After ﬁnding these parameters, the initial intervals ½0;Rmax and ½0; cmax are replaced with the new intervals
½R DR;Rþ DR and ½c Dc; cþ Dc. This procedure is repeated three times to ensure an acceptable accuracy of approxima-
tion. The best-ﬁt parameters R and c readR ¼ 4:97; c ¼ 1:08 s1: ð45Þ
Eq. (42) implies that the best-ﬁt parameter j is given byj ¼ 1:76: ð46Þ
The observations in relaxation tests with 0 ¼ 0:1 and 0 ¼ 0:2 are ﬁtted by using the above algorithm with constants (45)
and (46) and the only adjustable parameter C.
4.3. Tensile tests at room temperature
Observations in tensile tests at room temperature with constant strain rates d=dt ¼ _ are matched by means of Eqs. (38)
and (39) with a ¼ 1, and R, c, and j determined by Eqs. (45) and (46). Each stress–strain diagram depicted in Fig. 1 is approx-
imated separately.
For convenience, the governing equations are rearranged by introducing the functionZðt; vÞ ¼
Z t
0
Cðs; vÞ exp 
Z t
s
Cðs; vÞds
 
eðsÞds; ð47Þwhich obeys the differential equationoZ
ot
ðt; vÞ ¼ Cðt; vÞ½eðtÞ  Zðt; vÞ; Zð0; vÞ ¼ 0: ð48ÞIn the new notation, Eq. (39) readsrðtÞ ¼ E expðabeðtÞÞ ð1þ jÞeðtÞ  j
Z 1
0
f ðvÞZðt; vÞdv
 
: ð49ÞThe following algorithm is applied to determine a, b, and E. We ﬁx some intervals ½0; amax and ½0; bmax, where the best-ﬁt
values of a and b are assumed to be located, and divide these intervals into J ¼ 10 subintervals by the points aðiÞ ¼ iDa and
bðjÞ ¼ jDb with Da ¼ amax=J and Db ¼ bmax=J ði; j ¼ 1; . . . ; J  1Þ. For any pair faðiÞ; bðjÞg, Eqs. (38) and (48) are integrated numer-
ically from  ¼ 0 to  ¼ 0:4 by the Runge–Kutta method with the time step Dt ¼ 5 103 s1 for any v ¼ nDv with Dv ¼ 0:1
and n ¼ 0;1; . . . ;200. The function Cðt; vÞ in Eq. (48) is given by Eq. (15). The integral in Eq. (49) is evaluated by the Simpson
method. The Young’s modulus E is found by the least-squares technique from the condition of minimum of the functionH ¼
X
m
½rexpðmÞ  rnumðmÞ2; ð50Þwhere the sum is calculated over all strains m at which the observations are reported, rexp is the stress measured in an
appropriate test, and rnum is given by Eq. (49).
The best-ﬁt parameters a and b are determined from the condition of minimum of Eq. (50) on the set faðiÞ; bðjÞg. When
these values are found, the initial intervals ½0; amax and ½0; bmax are replaced with the new intervals ½a Da; aþ Da and
½b Db; bþ Db. This procedure is repeated three times to guarantee an acceptable agreement with observations.
After determining a, b, and E by ﬁtting observations in tensile tests with each strain rate _ separately, the dependencies
að_Þ, bð_Þ and Eð_Þ are plotted in Figs. 5 and 6 together with their approximations bya ¼ 7:91; b ¼ 7:03 101; E ¼ 5:04 102 MPa: ð51Þ
Figs. 5 and 6 demonstrate that a, b, and E are practically independent of strain rate as it is expected (some scatter of the data
depicted in Fig. 6 should, however, be mentioned).
4.4. Relaxation tests at elevated temperatures
The experimental data in tensile relaxation tests with 0 ¼ 0:07 at various temperatures T are ﬁtted by means of the fol-
lowing algorithm. Each relaxation curve in Fig. 4 is approximated separately by Eq. (41), where R and j are given by Eqs. (45)
Fig. 5. Parameters a and b versus strain rate _. Symbols: treatment of observations in tensile tests at room temperature. Solid lines: their approximation by
Eq. (51).
Fig. 6. Young’s modulus E versus strain rate _. Circles: treatment of observations in tensile tests at room temperature. Solid line: their approximation by Eq.
(51).
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½0; cmax ½0; amax, where the best-ﬁt values of c and a are assumed to be located, and divide these intervals into J ¼ 10 sub-
intervals by the points cðiÞ ¼ iDc and aðjÞ ¼ jDa with Dc ¼ cmax=J and Da ¼ amax=J ði; j ¼ 1; . . . ; J  1Þ. For any pair fcðiÞ; aðjÞg,
the integral in Eq. (41) is evaluated numerically by the Simpson method with v ¼ nDv, Dv ¼ 0:1, n ¼ 0;1; . . . ;200. The coef-
ﬁcient C in Eq. (41) is found by the least-squares technique from the condition of minimum of function (44). The best-ﬁt
parameters c and a minimize Eq. (44) on the set fcðiÞ; aðjÞg. After ﬁnding these quantities, the intervals ½0; cmax, ½0; amax are
replaced with the new intervals ½c Dc; cþ Dc, ½a Da; aþ Da. To guarantee an acceptable accuracy of ﬁtting, this procedure
is repeated three times.
When c and a are found by matching each relaxation curve depicted in Fig. 4, the dependencies cðTÞ and aðTÞ are plotted in
Figs. 7 and 8. The data in Fig. 7 are approximated by Eq. (16) which is presented in the formln c ¼ c0  c1T ð52Þwithc0 ¼ lnc; c1 ¼ EaT : ð53ÞThe coefﬁcients cm ðm ¼ 0;1Þ in Eq. (52) are calculated by the least-squares technique. Fig. 7 demonstrates good agreement
between the data and their approximation by Eq. (16) with the apparent activation energy
Fig. 7. Attempt rate c versus temperature T. Circles: treatment of observations in tensile relaxation tests. Solid line: their approximation by Eq. (52) with
c0 ¼ 30:59 and c1 ¼ 9:38.
Fig. 8. Parameter a versus temperature T. Circles: treatment of observations in tensile relaxation tests. Solid lines: their approximation by Eq. (55) with
a ¼ 0:98, a0 ¼ 5:50 102, and a1 ¼ 1:53 102 K1.
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The data depicted in Fig. 8 are matched by an analog of Eq. (14),a ¼ a; T < T;
a0 þ a1T; T > T;

ð55Þwhere the coefﬁcients a and am ðm ¼ 0;1Þ are determined with the help of the least-squares method by ﬁtting the data ob-
tained at T < 60 and T > 60 C, respectively. Fig. 8 shows that Eq. (55) correctly approximate the data. The parameter a re-
mains practically constant at T < T  68 C, and it grows linearly with temperature at T > T. The constant a ¼ 0:98 found
by matching the results of simulation at T < T is close to a ¼ 1 predicted by Eq. (14).
4.5. Tensile tests at elevated temperatures
We approximate the observations in tensile tests with the strain rate _ ¼ 4 103 s1 at various temperatures T depicted
in Fig. 3. Each stress–strain diagram is ﬁtted separately by Eqs. (38), (48) and (49) with R and j given by Eqs. (45) and (46)
and the coefﬁcients c and a presented in Figs. 7 and 8.
To determine the quantities a, b, and E, the algorithm described in Section 4.3 is applied. The best-ﬁt values of the adjust-
able parameters are found from the condition of minimum of function (50). When these parameters are calculated for each
Fig. 9. Parameters a and b versus temperature T. Symbols: treatment of observations in tensile tests. Solid lines: their approximation by Eq. (5) with
a0 ¼ 8:14, b0 ¼ 0:61, and b1 ¼ 3:64 103 K1.
Fig. 10. Young’s modulus E versus temperature T. Circles: treatment of observations in tensile tests. Solid line: their approximation by Eq. (56) with
E0 ¼ 6:25 MPa and E1 ¼ 5:78 MPa/K.
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mated by Eq. (5), where the coefﬁcients a0, b0 and b1 are found by the least-squares method. The dependence depicted in
Fig. 10 is ﬁtted by the linear function [that follows from Eqs. (35) and (40)]E ¼ E0  E1T; ð56Þ
where Em ðm ¼ 0;1Þ are calculated by the least-squares technique.
4.6. Discussion
Figs. 1–4 demonstrate good agreement between the results of numerical simulation and the observations in tensile tests
with constant strain rates and relaxation tests at various temperatures.
Figs. 5–10 show that (i) the quantities a, b, and E are independent of strain rate, and (ii) phenomenological relations (5),
(14), (16) and (56) adequately describe the effect of temperature on material parameters.
According to Fig. 8, the critical temperature T (at which rearrangement of chains in the inter-phase starts) equals 68 C,
which is in agreement with experimental data in oscillatory tests with small strains on HDPE that reveal an appearance of
the a relaxation peak in the vicinity of this temperature: T ¼ 50—60 (Pegoretti et al., 2000), T  70 (Stadler et al., 2005), and
T ¼ 60—80 (Lin and Wang, 1992).
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which is lower than the values provided in some studies grounded on the standard method of superposition of observations
in dynamic tests: Ea ¼ 110—140 (Zamﬁrova et al., 2002), Ea ¼ 137 (Pegoretti et al., 2000), Ea ¼ 150—170 (Mano et al., 2001),
Ea ¼ 174 (Djokovic et al., 2000), and Ea ¼ 207 kJ/mol (Tajvidi et al., 2005), but agrees well with the activation energies
Ea ¼ 50—140 (Stadler et al., 2005), Ea ¼ 65—80 (Boiko et al., 1995), Ea ¼ 79—106 (Matsuo et al., 1988), and Ea ¼ 89 kJ/mol
(Ohta and Yasuda, 1994). The fact that the apparent activation energy of HDPE in the solid state exceeds that of HDPE melt
by twice [in the latter case, the activation energy belongs to the interval between 27 and 32 kJ/mol (Bin Wadud and Baird,
2000)] appears to be natural, whereas rather high values of the activation energies (close to the activation energies for ther-
mal degradation of this polymer [Ea ¼ 210—270 (Sinfronio et al., 2005) and Ea ¼ 260—290 kJ/mol (Marazzato et al., 2007)]
‘‘shows that the physical signiﬁcance of Ea. . . is doubtful at best” (Mano et al., 2001).
Comparison of Figs. 8 and 10 reveals that thermally-induced evolution of energies of inter-chain interaction starts at heat-
ing of HDPE samples when temperature reaches its critical value T, whereas a decrease in the Young’s modulus E occurs
monotonically at all temperatures under consideration. This means that the model allows two processes at the micro-level
to be distinguished: (i) a monotonic decrease in rigidity of chains with temperature described by Eq. (20), and (ii) release of
constraints imposed on macromolecules in the inter-phase by surrounding crystallites that occurs when temperature ex-
ceeds the a-relaxation point.
5. Concluding remarks
Observations are reported on high-density polyethylene in tensile tests with constant strain rates and relaxation tests at
various temperatures in the range from 25 to 90 C.
A constitutive model is derived for the viscoelastic and viscoplastic responses of a semi-crystalline polymer at arbitrary
three-dimensional deformations with small strains. For an isothermal loading program, the stress–strain relations involve
seven adjustable parameters that are found by ﬁtting the experimental data. No more than three parameters in the consti-
tutive equations are found by matching each set of observations, which ensures that these quantities are determined with a
high level of accuracy.
It is shown that the model (i) correctly describes observations in tensile tests with constant strain rates and relaxation
tests at various temperatures and (ii) allows release of constraints imposed by crystallites on chains in the inter-phase to
be distinguished from a thermally-induced decay in elastic modulus. An advantage of the model is that (i) its material
parameters are independent of strain rate and are affected by temperature in a physically plausible way and (ii) the apparent
activation energy for rearrangement of strands in an equivalent network accepts a reasonable value.
The following limitations of the constitutive model are to be mentioned: (i) it is developed for deformations with small
strains, (ii) it predicts the viscoelastic and viscoplastic responses of semi-crystalline polymers far below the melting temper-
ature, and (iii) it accounts for the effect of temperature by means of phenomenological relations (5), (14), (16) and (35).
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